
Thank you for coming to this presentation. The 18-th century German 
philosopher,  Immanuel Kant, is regarded as one of the most important figures in 
Western philosophy. His most famous work is Critique of Pure Reason. In this 
presentation I will discuss a connection between Critique of Pure Reason and how 
society today should value mathematics, which is one of the themes of the 
conference. In the course of the presentation, I will also give a brief outline of Kant’s 
life and his magnum opus.
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One aspect of mathematics has often bothered me.
Suppose that ! = 1. Square both sides. Therefore !2 = 1. 
The conclusion, !2 = 1, seems to contain less information about ! than does 

the premise, ! = 1. The conclusion is embedded in the premise, and the proof 
merely uncovers rather than discovers the conclusion.

All mathematical theorems are essentially of this form. For thousands of years, 
mathematicians have been proving theorems like this. Do we know less and less as a 
result?

How is progress in mathematics possible?
I have made some headway on resolving this matter by studying the work of 

the 18-th century philosopher, Immanuel Kant.
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Immanuel Kant was born almost 300 years ago in Königsberg in East Prussia. His 
father was a master harness maker; his mother gave birth to 9 children, 5 of whom 
survived childbirth. Kant was born into a religious family which was guided by Pietism 
which was a strong movement in the Lutheran church. His schooling was strict, 
perhaps even severe when compared with schooling in Australia today. 

At the second school he attended, from the age of 8, students were placed in a 
grade according to their knowledge of the subject. “Stage, not age” is the modern 
mantra. At school Kant’s intellectual talents were obvious and he developed a life-
long interest in Latin literature. He did not learn much about mathematics at school.

Kant’s mother died from smallpox when he was about 13 years old. 
He went on to study at the University of Königsberg where he developed a 

strong interest in scientific matters, although his teachers at the university were not 
particularly expert. We should note that Kant was born just three years before the 
death of Newton. In Kant’s lifetime, Newton’s discoveries were taking the intellectual 
world by storm.

Although Kant attended the university for 7 years, he did not take his final 
exams because his father died near the end of his studies, and Kant was then 
responsible for the upkeep of his siblings. He left the university and took on jobs as a 
private tutor in the Königsberg area. 
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Eventually Kant obtained a position at the University of Königsberg as a 
Privatdozent by which his salary was paid directly by the students rather than by the 
university. He had a heavy teaching load, across a wide range of subjects. Because 
there were few text books, he had to write his own material. This work took all his 
energy and time, and he held this position for 15 years. Anyone who has experienced 
out-of-field teaching will appreciate the workload. Because his lectures were popular, 
at least his income was sufficient for his needs.

We know from our own experience with COVID about the impact of major 
interruptions to our work. They can be opportunities or threats. Kant too experienced 
major distractions. In 1755 the Great Lisbon earthquake had a profound impact 
across Europe. (Perhaps comparable with 9/11 in 2001.) Philosophers asked “Where 
is God in this tragedy?” Kant took the opportunity to write three papers trying to find 
a scientific explanation for the cause of earthquakes.

The second interruption to Kant’s work was the Seven Years’ War which raged 
during 1756-1763 and Prussia was in the thick of it. In 1757 the Russian army 
captured Königsberg, and Kant, together with the other members of the faculty at the 
university, had to swear allegiance to Empress Katherine. Kant took the opportunity 
to give courses to Russian officers on “mathematics, fortifications, strategy and 
pyrotechnics”. Way-out-of-field teaching.
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For his entire life, Kant lived in and around the city of Königsberg in East Prussia. 
No zipping off to conferences or guest lectures, despite his fame at the time. 

Königsberg is well-known in mathematical circles for the Königsberg bridges 
problem that our students encounter in Year 11 General Mathematics. This 
mathematical problem marked a starting point for graph theory and was solved by 
Euler who, coincidentally, was a contemporary of Kant. Kant would have known of 
Euler‘s work because one of Kant’s lecturers became embroiled in a dispute with 
Euler about comets. At one stage, Kant wrote to Euler but we don’t know if Euler 
replied. Also, Kant later rose to fame in German states as a philosopher. So, Euler may 
have been aware of Kant too.

Now, a picture is worth 1000 words and these maps indicate that Königsberg
has had a fascinating history. In Kant’s time, Königsberg was a major city in East 
Prussia and home to about 50,000 souls. The university had about 400 students and 
was relatively large compared to other German universities. The city’s 7 bridges, 
made famous by Euler, were destroyed in WW2; 5 have been re-built; in 1947, the 
State of Prussia itself ceased to exist by decree of the Allies; Königsberg is now part of 
Russia and known as Kaliningrad. A fascinating history indeed.

Let us now turn to Kant’s Critique of Pure Reason.
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The impact of Critique of Pure Reason on the intellectual world, was, has been, 
and continues to be, profound. The first edition was published when Kant was 57 
years old after working on it for about 12 years. Modern universities might not be so 
patient with this publication rate.

There were two editions of Critique. In the second edition, Kant removed some 
good ideas from the first edition, and added some new ideas. When you buy a copy 
of Critique these days, you buy a composite work that indicates what belongs where. 
It’s complicated.

What is the purpose of Critique? All our knowledge begins with experience; but 
this does not mean that all our knowledge stems only from experience. Reasoning 
come into the picture too. But can we know things from pure reason? This is Kant’s 
fundamental question.

Kant sees mathematics as the epitome of pure reason. So, instead of asking the 
general question “How is knowledge from pure reason possible?”, he asks a simpler 
question – a common technique in mathematics. Kant asks, “How is pure 
mathematics possible?” To me this means, “How can we explain the development of 
mathematics?” Kant often appeals to Euclid’s Elements, which was standard in the 
school curriculum for centuries. Let us look at Kant’s ideas in a little more detail.
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There are some key terms used by Kant. Note that these are terms used in a 
specialised way by Kant in the 18-th century. I have tried to retain his intentions in 
using these terms.

A judgement is a statement to which we can attach a truth value. “All fires are 
hot to touch” is a judgement. “Clean up this room!” is not a judgement.

A judgement is a priori if it is logically independent of any judgement describing 
a sense experience. “In any isosceles triangle, two angles are equal to each other.”

A judgement is a posteriori if and only if it can be verified or falsified by a sense 
experience. “The colour of grass is green.”

A judgement is analytic if the predicate is part of the subject. “All red cars are 
cars” is analytic.

A judgement is synthetic if the predicate is not part of the subject. “All red cars 
go fast” is synthetic.

The 20-th century philosopher, Stephen Körner, remarks that Kant did not 
define these concepts particularly well, and there is still no generally accepted 
interpretation of their meaning among philosophers.
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We can summarise the relationship between these four terms in a table as 
shown in this slide. I am surprised that I have not seen such a table in the literature. 
Let me make some observations.

Every analytic judgement we know a priori. For example, consider the 
judgement “All red cars are cars”. To deny this is to say “Not all red cars are cars”, or 
“Some red cars are not cars”; this is a self-contradiction. We do not need any sense 
experience to attribute a truth value to this judgement. This is an a priori judgement. 

We don’t need any experience to decide the truth of an analytic judgement. It 
is impossible for an analytic judgement to be an a posteriori judgement.

Many synthetic judgements are a posteriori judgements. We need experience 
to decide if they are true of false. For example, “All cricket balls are hard”. The truth 
of this is not self-evident. You need some sensory experience to decide this (- which is 
why I never liked cricket). This is a synthetic a posteriori judgement.

Are there synthetic, a priori judgements? Are there judgements of the form “All 
X are Y”, where Y is not contained in X, that we can verify or falsify by reason alone? 
This is the key question for Kant.

Although there have been many criticisms of this classification system, they will 
not concern us here.
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Kant asks: “How is pure mathematics possible?” He develops a model that is 
depicted in this slide. All knowledge begins with experience. We start with an object 
in the external world.

Assume that we have some a priori notion of space. Kant calls this an a priori 
intuition. Suppose that there is an object containing a triangular shape like this 
house.  With my sense of sight, and my intuition of space, I develop an image of the 
object in my mind. The image in my mind is different from the object itself. This is an 
a posteriori sensation. I now have an image of the object.

After reflecting on the image, I develop the concept of a triangle. Now, triangles 
do not exist in the external world. The sides are straight lines which, according to 
Euclid, have no width. Straight lines exist only as concepts. When thinking about the 
triangle, my focus is not on  the external world. I am using only pure reason.

I then follow Euclid, et voilà,  I derive Pythagoras’s theorem. This is an example 
of a priori, synthetic knowledge. All results in  pure mathematics are examples of 
synthetic a prior, judgements. Pure mathematics is possible! So, as mathematicians, 
we can breath a sigh of relief and crack on.

Some philosophers have criticised Kant’s model on the grounds that he 
assumes that all geometry is Euclidean.  I don’t agree. Once I have got to the stage of 
Pythagoras’s theorem, then I could extend my thinking as I please.
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In Critique, Kant makes is clear that mathematics plays a fundamental role in 
how we think about knowledge. Kant regards mathematics as a brilliant example of 
pure reasoning.

Let us return to my original problem. If we are given ! = 1, then we square 
both sides and obtain !"=1. We started off knowing the value of ! but not the value 
of !". By squaring both sides, we find the value of !" by reason alone. Students will 
often ask “But what is ! ?” They want to connect the problem to the real world or the 
world of experience. However, the value of ! does not matter. The conclusion that 
!" = 1 is, as Kant would say, an elaboration of the premise ! = 1. There is no need 
to appeal to experience.

Proof is the glue that holds mathematics together.
In this sense, mathematical results are examples of a priori, synthetic 

judgements.
Kant’s view of mathematics suggests a way that society should view 

mathematics.
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How should society value mathematics? Mathematics is often portrayed merely 
as a tool for solving problems in science, technology, and engineering. Our subject is 
not seen as a stand-alone discipline. Mathematics is the tail end of STEM. Students 
may often ask “What’s the use of this stuff?” They want to see how it is used –
although such an exclamation is often an expression of frustration rather than a real 
need to see an application. Many students – even good students  – cannot imagine a 
career as a mathematician. Do career advisors suggest to students that they might 
consider a career in mathematics?

When Kant wanted an example of a priori, synthetic knowledge he turned to 
mathematics, first and foremost. Kant regarded mathematics as  an “ultimate and 
permanent achievement of the human mind” (Körner, 1955 p. 26). 

Kant has a view of mathematics that we should promote in the classroom and 
society. Mathematics is the gold standard of pure reason. In an odd way, this view 
already has some traction. The phrase “Do the math” is often used to prove a point. 
You can’t argue against mathematics.

Thank you for listening to my presentation. I am happy to answer questions.
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