
Extension Year 8 - Approximating Pi

1 Introduction

The number π is of course a circle thing. Given a circle of radius R, we think of π in terms of either the
circumference or the area of the circle:

C = 2πR

A = πR2

We’ll briefly discuss these formulas in Section 5, but for now we’ll consider the formulas to be understood.

As a quantity, we think of π as being “about 3”, with the approximate values 22/7 and 3.14 commonly used.
Indeed, we are forced to use approximate values since π is an irrational number; there is no exact fraction or
terminating decimal expression for π. But, in any case, how can we get such approximations? How do we
know that π is about 3? What if we want the value for π much more accurately? That is what these notes
are about.

Of course, one approach is to just get physical: grab a conveniently circular object, such as a barrel, and
wrap a rope around it. Then we can measure the length of the rope used, divide by the diameter of the
barrel and there, more or less, is our value of π. This is exactly the kind of thing the early civilisations would
have done. But of course such a physical approach cannot be all that accurate. And, more fundamentally,
it is mathematically unsatisfying, leaving unclear the mathematical ideas underlying our efforts.

The goal of these notes is to consider a much more mathematical, and much more beautiful, approach to
approximating π.
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2 Square Roots

Our efforts to capture π will involve, alas, two other other irrational creatures:
√

2 and
√

3. As with π these
rooty guys have no fractional or terminating decimal expression. Unlike π, however, it is very easy to obtain
approximate expressions for square roots. All we need to know (and all we really can know) is that “squaring
undoes root”. For our particular roots, this amounts to the formulas

√
2×
√

2 = 2
√

3×
√

3 = 3

How does this help? Well, for
√

2 we want something whose square equals 2. But note that 1 × 1 = 1 and
2× 2 = 4. Therefore 1 is too small to be

√
2, and 2 is too large. So, we can be sure that

1 <
√

2 < 2 .

Perhaps not so impressive, but by repeating the process with more carefully chosen fractions, we can easily
zero in, closer and closer to the exact value of

√
2.

Exercise 1 Use the above ideas to show that

7

5
<
√

2 <
3

2

and
12

7
<
√

3 <
7

4
.

3 Squares

With square roots in hand, let’s now consider squares fitted outside (“circumscribed”) and inside (“in-
scribed”) a unit circle.

To begin, it is easy to see that that the outer, purple square has side length 2. That means the perimeter of
the purple square is 8. But, lying outside the circle, this square’s perimeter must be greater than the circle’s
circumference. And what is the circle’s circumference? Well, it’s a unit circle, that is its radius is R = 1,
and so the circumference of the circle must just be 2π. Putting this altogether, we must have

2π < 8 .
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Dividing both sides by 2, we conclude that π < 4. Yep, not a stunning conclusion, but it also shouldn’t be
underestimated what we’ve achieved. What we’ve produced is an absolute proof that π is no greater than 4.

What about the inner, red square? Well, again we want the side length of the square, which requires a little
easy Pythagoras. That’s where the square roots come in.

Exercise 2 Show that red square has side length
√

2, and use this to show that π > 14
5 .

So, combined with our work in the purple square, we have absolutely, certainly trapped π:

14

5
< π < 4

We can also trap π by considering the areas of the outer and inner squares:

Exercise 3 By considering the areas of the purple and red squares, prove that

2 < π < 4

Again, not great estimates, and no better than those given by the perimeters. But still, it is notable that
the idea of area can trap π in such an easy manner.

4 Hexagons

Since the hexagons hug closer to the circle, they should provide better estimates for π, and that turns out
to be the case.

Exercise 4 By considering the perimeters of the blue and green hexagons, prove that

3 < π <
7

2

(Hint: There are lots of equilateral triangles. Call the side length of the blue hexagon 2x, and solve for x.)

Exercise 5 By considering the areas of the blue and green hexagons, give another trapping of π.
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5 To Infinity, and Beyond

Can we go further, and do better? Absolutely. It is simply a matter of being cleverer with Pythagoras,
to calculate the side lengths of the many-sided polygons. The Grandmaster of this, and of many things,
was the ancient Greek mathematician, Archimedes of Syracuse. Around 250 BC, Archimedes went up to
96-sided polygons. He computed the polygons’ perimeters and estimated the resulting maze of square roots,
to obtain the very first trapping of π:

223

71
< π <

22

7

That was extremely impressive, but even more impressive, Archimedes had a method of doubling the sides
of his polygons, calculating the new perimeters in terms of the old. So, he began with hexagons, doubling
three times to give the 96-gons, and nothing stopped him from going further, as long as his breath held out.

In principle, Archimedes could have continued forever, trapping the true value of π in tinier and tinier
intervals. And, although Archimedes may not have (or may have) thought of it this way, Archimedes’ method
effectively defines π. That is, π can be considered to be defined as the limit of the polygon perimeters as we
increase the number of sides.

Although sophisticated and difficult to get one’s head around, defining π in this manner clarifies everything
else. It is at the heart of the explanation for why the same value of π works for every circle, no matter its
radius. And, it’s at the heart of the explanation for why, having defined π in terms of polygon perimeters,
we obtain the exact same π again in terms of polygon areas, giving us the formula A = πR2.

As for other approximations, and definitions, of π, mathematical history is full of such ponderings, some
fascinating and brilliant, and some crazy. In the end, it turns out that defining π via area works more neatly
than the perimeter. But, that is a very long story for another occasion.
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